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Abstract—In this paper, we present a new feedback method
to automatically servo-control the 3-D shape of soft objects with
robotic manipulators. The soft object manipulation problem has
recently received a great deal of attention from robotics researchers
because of its potential applications in, e.g., food industry, home
robots, medical robotics, and manufacturing. A major complica-
tion to automatically control the shape of an object is the estimation
of its deformation properties, which determines how the manipula-
tor’s motion actively transforms into deformations. Note that these
properties are rarely known beforehand, and its offline paramet-
ric identification is difficult and/or impractical to conduct in many
applications. To cope with this issue, we developed a new algorithm
that computes in real time the unknown deformation parameters
of a soft object; this algorithm provides a valuable adaptive be-
havior to the deformation controller, something we cannot achieve
with traditional fixed-model approaches. In contrast with most
controllers in the literature, our new method can explicitly servo-
control 3-D deformations (and not just 2-D image projections)
in an entirely model-free way. To validate the proposed adaptive
controller, we present a detailed experimental study with robotic
manipulators.

Index Terms—Adaptive control, deformable models, robots ma-
nipulators, shape control, visual servoing.

I. INTRODUCTION

ROBOTIC manipulation of soft objects is needed in sev-
eral economically important applications, for example the

active shaping of food materials [1], handling and folding fab-
rics [2], assembling flexible automotive parts [3], manipulating
cables or sutures [4], palpating organs and tissues [5], to name
a few cases. Despite the recent progress in soft robotics, the
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automatic manipulation of compliant objects remains an open
research problem [6]. There are several issues that complicate
the automation of these types of tasks. Perhaps the most crucial
issue is the difficulty to estimate (in real time) the deformation
properties of a soft object; note that these properties greatly vary
even among objects of the same category.

The object’s deformation properties are necessary (even
though coarsely approximated) to coordinate the motion of the
mechanical system with the feedback measurements of the ob-
ject’s shape. However, note that in many situations the paramet-
ric identification of the deformation model is difficult to perform
beforehand; to fully identify this model requires the manipulator
to perform several testing physical interactions with the object,
which may be impractical in many applications, e.g., in laparo-
scopic surgery. Even for the case in which the deformation para-
meters are exactly known, the computation of an accurate
enough soft object model typically poses additional problems for
real-time applications. In this paper, we aim to develop adaptive
methods that can explicitly servo-control (i.e., with a measur-
able deformation error) the 3-D shape of a compliant object but
in a model-free manner.

A. Related Work

In recent years, great progress has been obtained in the robotic
manipulation of deformable linear objects such as compliant
beams, cables, or surgical sutures (see [7]–[11]). The multi-
finger grasping problem of soft bodies has been addressed in
[12]–[14] using various approaches. Some other works have
tackled the soft object manipulation but from a path-planning
perspective (see [15]–[18]). Significant effort has been devoted
to the automatic manipulation of rheological (i.e., viscoelastic)
materials; the dynamic modeling, parametric identification, and
robotic manipulation of this type of objects are addressed in
[19]–[22]. In this paper, however, we are mainly interested in
the manipulation of soft objects that exhibit (or that can be fairly
modeled with) elastic deformations only.

There are some works in the literature that address the servo-
control of elastic deformations, which is the main topic in this
work. For example, the robotic manipulation of an extensi-
ble piece of fabric is formulated in [23] as a classical feed-
back control problem; the objective of this method is to po-
sition multiple 2-D feedback points to desired configurations.
This noncollocated positioning problem is similarly studied in
[24]–[26]. Note that to explicitly control the displacements of
the deformable feature points, most methods in the literature
require some a priori knowledge or calibration of the object’s
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deformation properties. When this information is not available,
the stability of model-dependent controllers cannot be rigor-
ously guaranteed.

Despite the clear limitations of a model-based design, not
many works have addressed the simultaneous online estimation
and servo-control of elastic deformations. In [27], we developed
a model-free controller that computes in real time the deforma-
tion Jacobian matrix of a compliant object using the Broyden
update rule [28]. To compute the Jacobian matrix, this numeric
method only requires measurements of the input motions and
output deformations (for visual servoing applications of this
method, see [29] and [30]). Recently, in [31], we proposed an
energy-motivated method to servo-control deformations with-
out any knowledge of the deformation and camera models; this
method uses adaptive control techniques to estimate the un-
known parameters. However, it must be remarked that both [27]
and [31] formulate the problem in terms of image (pixel) coordi-
nates; therefore, these methods cannot explicitly control the 3-D
configuration of the object, but only its 2-D image projections.

B. Our Contribution

To contribute to this economically important problem, in this
paper we present a new adaptive method to automatically ma-
nipulate an unknown elastic object. In contrast with most con-
trollers in the literature, our method can explicitly servo-control
the 3-D shape without the need to identify the object’s defor-
mation model. For that, we developed an algorithm that esti-
mates in real time the vector of unknown deformation param-
eters; this algorithm provides a valuable adaptive behavior to
the controller, something we cannot achieve with fixed-model
approaches. To automatically manipulate the object, we propose
a deformation feature vector that decomposes the feedback ma-
nipulation task into positioning and shape terms; this allows us
to simultaneously control the object’s final position and its rel-
ative deformations. We prove the stability of our method with
Lyapunov theory and provide simple algorithms to facilitate its
implementation. Experimental results are presented to validate
the proposed control method.1

The rest of the paper is organized as follows. In Section II,
we derive the mathematical models. Section III presents the
proposed control method. In Section IV, we define the defor-
mation vector. Section V presents the conducted experiments.
In Section VI, we give the conclusion and future work.

II. MATHEMATICAL MODELING

A. Robot Kinematics

Consider M kinematically controlled serial robotic ma-
nipulators. We denote the vector of joint displacements and
end-effector Cartesian position of the jth robot by qj ∈ RGj

and xj = xj (qj ) : RGj �→ R3 , respectively, for Gj ≥ 3. The

1A weaker version of the proposed online algorithm was presented in [32].
However, in contrast with our new multirobot method, this early image-based
approach can only control 2-D projections of a 3-D shape.

Fig. 1. Conceptual representation of the soft object manipulation setup.

differential kinematic equation of the robot is

ẋj =
∂xj

∂qj
(qj )q̇j (1)

where ∂xj /∂qj ∈ R3×Gj denotes the robot’s Jacobian matrix.
Assumption 1 (Robot’s structure and motion): In this paper,

we make the following modeling assumptions:
1) The kinematic model of each robot is exactly known and

available for control purposes.
2) The robots are kinematically controlled, meaning that the

(input) velocity vector q̇j (t) can be exactly set with the
servo-controller at any time instant t.

3) The velocity servo-controller renders infinitely stiff be-
havior to the robots; interactions with nonrigid objects do
not affect the robots’ trajectories.

4) The robots’ motion is smooth, and its joint and end-
effector velocities are bounded, i.e., ‖q̇j‖ ≤ ck and
‖ẋj‖ ≤ cl , for positive bounding scalars ci > 0.

Remark 1: The control methods proposed in this work are
designed for typical kinematically controlled rigid manipulators
(see, e.g., [33]); we make the above assumptions to model the
properties that exhibit these systems. Note that by considering
velocity control inputs, the method that we propose can be easily
implemented in most commercial robot manipulators, whereas
methods designed for torque-controlled systems require a spe-
cial low-level torque/current control interface (see, e.g., [34]),
which is generally not available in most systems.

B. Quasi-Static Deformation Model

Consider that the robots physically interact (in a point-contact
manner) with a compliant object whose exact deformation
model is unknown. The configuration of the object is measured
by a fixed stereo camera that observes K deformable feature
points located over the surface (see Appendix A). Let the vec-
tor pi ∈ R3 denote the 3-D position of the ith feature point
defined with respect to the camera’s coordinate frame (i, j,k).
The robots’ position in terms of the camera’s frame is

x̄j = Rjxj + tj ∈ R3 (2)

for Rj ∈ R3×3 and tj ∈ R3 as a constant rotation matrix and
constant translation vector, respectively. See Fig. 1 for a con-
ceptual representation.
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In order to control deformations of soft objects, we must find
an expression that (approximately) predicts how the active mo-
tion of the robots affects the measurements of the feature points.
To this end, we restrict our attention to soft object manipulation
tasks that satisfy the following conditions.

Assumption 2 (Active soft object manipulation): We locally
consider the following for quasi-static (slow) manipulation:

a) the soft object exhibits (or can be fairly modeled with)
elastic deformations only, i.e., it does not present any rhe-
ological deformations [21];

b) the dominant effect is the object’s potential energy, i.e.,
the object’s inertial effects are minimal and, therefore, can
be neglected from the model;

c) the robots rigidly grasp the soft object (with no slippage
or loose contact) during the whole manipulation task; the
contact point with the object is approximated by x̄j ;

d) each of the robots’ coordinates x̄ᵀ
j = [xxj , xyj, xzj ] is

interconnected with each of the point’s coordinates pᵀ
i =

[pxi, pyi, pzi ]; motion can be continuously transmitted
with a spring, as conceptually depicted in Fig. 1;

e) each deformable point pi has a stable (i.e., positive and
full-rank) stiffness matrix around its equilibrium point.

Remark 2: A model that considers only potential energy
terms, as in Assumptions 2a and 2b, can be used in many practi-
cal applications that require to manipulate “mostly” elastic ob-
jects at “slow” speed. Some of these applications are, e.g., the
positioning of fabrics [23], active bending of beams [7], [31],
assembly of flexible parts [3], stretching of ligaments/tissues
[35], to name a few cases.

To derive the quasi-static object model, let us first denote by
V ∈ R the elastic energy of the spring connecting the robots
with the feature point. We compute the equilibrium equations

∂V

∂pi

ᵀ
= 03×1 (3)

M∑

j=1

(
∂V

∂x̄j

ᵀ
− fj

)
= 03×1 (4)

for fj ∈ R3 as the external force applied by the jth robot. To
solve the above equations (and find the displacement relation
between the grippers and feature point) requires exact knowl-
edge of the deformation model and parameters of the object,
which may not be available in many applications. To cope with
this issue, we derive a linear model of the object in neighbor-
hood around the static equilibrium [23]. To this end, we intro-
duce δpi = pi − p∗

i ∈ R3 and δx̄j = x̄j − x̄∗
j ∈ R3 to model

the relative displacements of the feedback points and grasp-
ing points from the (undeformed) equilibrium, here denoted by
p∗

i ∈ R3 and x̄∗
j ∈ R3 , respectively. By linearizing (3) around

the equilibrium, we obtain

∂2V

∂pi∂pi︸ ︷︷ ︸
A i

δpi +
M∑

j=1

∂2V

∂x̄j ∂pi︸ ︷︷ ︸
B i , j

δx̄j = 03×1 (5)

whereAi ∈ R3×3 andBi,j ∈ R3×3 represent unknown constant
stiffness matrices, whose partial derivatives are evaluated at the

equilibrium. Solving (5) for δpi yields

δpi = Diδx̄ (6)

for an extended vector δx̄ = [δx̄ᵀ
1 , . . . , δx̄ᵀ

M ]ᵀ ∈ R3M and a
deformation matrix Di ∈ R3×3M defined as

Di = −A−1
i

[
Bi,1 · · · Bi,M

]
. (7)

Note that Ai represents the stiffness matrix with respect to the
displacements of pi , which from Assumption 2e we known
is invertible.2 We emphasize that our aim in this paper is not
to develop a highly accurate model of the infinite-dimensional
elastic body. Instead, we focus on developing a simple—yet
sufficient for our control purposes—quasi-static displacements
model, which describes how the slow motion of the robots trans-
forms into deformations and presents linearly with respect to the
unknown deformation parameters (this latter property is useful
to design adaptive algorithms). To simplify notation, we intro-
duce the extended vectors p ∈ R3K and x ∈ R3M , which are
defined as

p =
[
pᵀ

1 · · · pᵀ
K

]ᵀ
, x =

[
xᵀ

1 · · · xᵀ
M

]ᵀ
. (8)

Remark 3: The local nature of (6) does not impose severe
constraints to our slow-motion adaptive method since it con-
tinuously updates the model’s parameters with real-time vision
and position measurements, therefore extending its range of va-
lidity. We show in Section V how this simple model can be used
to manipulate objects of various stiffness/shapes.

C. Vector of Deformation Parameters

Note that the proposed deformation model (6) can be lin-
early parameterized in terms of unknown terms, which contrast
with other models in the literature, e.g., the rigidity functions
proposed in [36] (we show in later sections that this linearity
property results instrumental for the design of the adaptive con-
troller). Let us define the coordinate-transformed deformation
matrix Fi ∈ R3×3M as

Fi = Di diag(R1 , R2 , . . . , RM ) (9)

which also includes the rotation matrices.3 We group the el-
ements of the K deformation matrices Fi into the vector of
unknown constant parameters

a =
[
uᵀ

1F1 uᵀ
2F1 uᵀ

3F1 uᵀ
1F2 uᵀ

2F2 uᵀ
3F2

· · · uᵀ
1FK uᵀ

2FK uᵀ
3FK

]ᵀ ∈ RL (10)

where uᵀ
1 = [1, 0, 0],uᵀ

2 = [0, 1, 0],uᵀ
3 = [0, 0, 1] ∈ R3 , and

for L = 9MK.

D. Problem Formulation

To avoid the open-loop deformation response of traditional
robot-centered controllers (see, e.g., [37] and [38]), in our

2Having a stable full-rank matrix Ai physically means that the point pi is
elastically constrained (in all directions) by stiffness that brings the point back
to equilibrium, a condition that is reasonable to assume.

3The translation vectors tj are not needed to transform velocities between
the coordinate frames; thus, we exclude them from the vector of parameters.
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Fig. 2. Schematic representation of the proposed controller. In this figure, the
plant system represents the soft object manipulated by the robots.

method, we use the measured feature points pi to construct a
vector of deformation features, which locally quantifies the ob-
ject’s deformations. We denote this feedback deformation vector
by y = y(p) : R3K �→ RN , for N ≤ 3M (in later sections, we
give explicit definitions and examples of these deformation fea-
tures). The time derivative of this vectorial function yields

ẏ = Jẋ (11)

where the matrix J ∈ RN ×3M , here called the deformation
Jacobian matrix, satisfies

J =
∂y
∂p

(p)
∂p
∂x

(x) =
∂y
∂p

(p)
[
Fᵀ

1 · · · Fᵀ
K

]ᵀ
. (12)

To guarantee the full row-rank of J, we must 1) define the
coordinates of y such that they provide a linearly independent
characterization of the object’s shape and 2) define points pi

such that its deformations transform independently from the
other points. Since y is a user-defined function, we can always
construct functions that satisfy condition 1; a simple way to
satisfy condition 2 is to select points that are not too close to each
other (i.e., with sufficient separation). Although the coordinates
of y can be computed from sensor feedback, the matrix J cannot
be analytically computed (specifically ∂p/∂x) since the vector
a is unknown.

Problem: Given a desired (constant and physically reach-
able) vector yd ∈ RN , design a velocity controller ẋ that asymp-
totically minimizes the error Δy = y − yd ∈ RN without any
knowledge of the vector of parameters a.

III. CONTROLLER DESIGN

A. Online Parameter Estimator

With our proposed control method (whose architecture is
given in Fig. 2), we compute the adaptive vector of parameters
â ∈ RL to iteratively approximate the deformation model. The
main idea behind the algorithm is to vary â in the direction that
minimizes a measurable model matching error. For that, we first
parameterize the velocity of the feature points as

ṗ =
[
Fᵀ

1 · · · Fᵀ
K

]ᵀẋ = Wa (13)

for W(ẋ) ∈ R3K×L as a known regression matrix. Next, we
compute the model matching error e ∈ R3K as

e = Wâ − ṗ = WΔa (14)

where the vector Δa = â − a ∈ RL represents the parameter
estimation error. Note that e can be directly computed from

sensor measurements and the estimated parameters and does
not require explicit knowledge of a.

The objective of this algorithm is to compute a vector â that
asymptotically minimizes the quadratic function

Q = eᵀe/2. (15)

We update the parameters â with the rule

d

dt
â = −γ

∂Q

∂â

ᵀ
= −γWᵀe (16)

where the scalar γ > 0 modulates the adaptation rate.
Proposition 1: The gradient descent estimator (16) provides

a numerically stable computation of the parameters â, which
asymptotically minimizes the error e.

Proof: Consider the Lyapunov-like quadratic function

H = ΔaᵀΔa/2 (17)

whose time derivative yields

Ḣ = −ΔaᵀγWᵀe = −eᵀγe ≤ 0. (18)

This proves that the parameter’s error Δa is nonincreasing [39];
thus, the numerical state vector â is bounded. To prove the
convergence of the error vector e → 0L×1 , note that since we
only consider slow (i.e., saturated) and smooth (i.e., differential)
motion of the robot manipulators and object, therefore the scalar
function Ḧ = −2eᵀγė is also bounded. This means that (18)
is uniformly continuous; asymptotic minimization of e directly
follows using the Barbalat’s lemma [40]. �

Remark 4: The purpose of the gradient descent estimator
is to compute a vector of parameters â, which can be used
to reproduce the output velocity ṗ. Note, however, that this
property does not necessarily means the identification of the
true parameters. In our method, we use the estimated parameters
to approximate the deformation Jacobian matrix. This matrix is
needed for computing the velocity control input with classical
kinematic controllers (see, e.g., [33], [41], and [42]).

Remark 5: The proposed online estimator updates the pa-
rameters based on continuous velocity measurements of both
the deformable points and the robotic grippers. Therefore, this
algorithm cannot be used to estimate deformations of rheolog-
ical objects (e.g., as done in [20]) because the shape of these
types of materials keeps changing even after the robots’ mo-
tion have stopped; these time-varying deformations cannot be
detected with our method.

B. Saturated Velocity Controller

To actively deform the soft object, in this work, we use a kine-
matic motion control design. Since the deformation Jacobian
matrix (12) is unknown, we compute an estimation Ĵ ∈ RN ×3M

as

Ĵ =
∂y
∂p

(p)
[
F̂ᵀ

1 F̂ᵀ
2 · · · F̂ᵀ

K

]ᵀ
(19)

where the matrices F̂i ∈ R3×3M are constructed with the vari-
able parameters â according to the definition (10), as in, e.g.,
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Fig. 3. Saturated potential action ∂Ul /∂yl , computed with sl = 40.

[43] and [44]. The velocity control input is as

ẋ = −Ĵ+K
∂U

∂y

ᵀ
(20)

where the matrix Ĵ+ ∈ R3M ×N represents the Moore–
Penrose pseudoinverse, K ∈ RN ×N denotes a positive diag-
onal gain matrix, and U(Δy) =

∑
Ul(Δyl) : RN �→ R, for

l = 1, . . . , N , represents a C1 potential energy function with
positive-definite terms Ul computed as [45]

Ul =

⎧
⎪⎨

⎪⎩

1
2
|Δyl |2 , for |Δyl | < sl

1
2
sl |Δyl |, for |Δyl | ≥ sl

(21)

for sl ∈ R as positive saturation scalars. The continuous partial
derivatives of Ul satisfy (see Fig. 3)

∂Ul

∂yl
=

{
Δyl , for |Δyl | < sl

sl sgn(Δyl), for |Δyl | ≥ sl .
(22)

These scalars sl determine the threshold at which the robots
attain the maximum speed during manipulation; the value of sl

depends on the units of the deformation error Δyl it monitors.
The specific design of the velocity-driven online estimator

allows it to satisfy the differential relation

ẏ = Ĵẋ (23)

only after a few iterations of continuous slow motion. Note
that these motions can be conducted locally around the starting
configuration, thus avoiding large deformations to the object;
we remark that this procedure must be performed only once in
order to initialize the elements of the matrix Ĵ.

To analyze the stability of the control law, we assume that
the estimation algorithm has been initialized such that (23) is
exactly satisfied. Substitution of the control input (20) into (23)
enforces the closed-loop dynamical system

ẏ = −K
∂U

∂y

ᵀ
. (24)

Consider U as a Lyapunov candidate function for (24), in which
computing its time derivative we obtain U̇ ≤ 0, which proves
the stability of the system. Asymptotic convergence of Δy can
be proved with the LaSalle principle [40]. Appendix B details
the implementation of the controller.

Fig. 4. Conceptual representations of the following proposed deformation
features: (a) geometric center computed with C = 4, (b) compression distance
between two points, (c) bending angle between two 3-D vectors, and (d) cir-
cumference that passes thought three deformable points.

IV. FEEDBACK DEFORMATION VECTOR

A. Deformation Problem

Traditional robotic manipulation tasks typically involve con-
trolling the position vector of a rigid object, defined, e.g., at its
constant center of mass. However, this same definition of robotic
manipulation cannot be used with a deformable object, as its
shape is easily affected by physical interactions with the robots
and environment. To cope with this issue, we construct the coor-
dinates yk of the deformation vector by combining the feedback
of two terms, a feedback position term and a feedback shape
term, conceptually grouped as y = [position, shape]ᵀ. The first
term represents a 3-D vector, which we use to servo-control the
object’s position. The second term quantifies the internal dis-
placements of the object; thus, it can be used to actively control
relative deformations.

B. Position Term

1) Explicit Feature Point: The simplest way to control the
3-D position of the soft object is by actively driving a feedback
point of interest into a desired location (see Fig. 1). In this way,
we define three deformation coordinates as

[
yk yk+1 yk+2

]ᵀ = pi . (25)

2) Centroid: Alternatively, we can define the object’s po-
sition in terms of the geometric center (i.e., the mean average
position) of multiple deformable points [see Fig. 4(a)]. We com-
pute the object’s centroid π ∈ R3 as

π = (p1 + p2 + · · · + pC ) /C (26)

and define three coordinates as yk = πl , for l = 1, 2, 3.

C. Shape Term

Besides controlling the object’s position, we can also control
the object’s squeezing, bending, twisting, etcetera. We use the
following scalar feedback features to achieve this.
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1) Compression Distance: With this feature, the relative dis-
tance between two feature points of interest can be actively con-
trolled. We use two feature points p1 and p2 to compute the
object’s compression distance d ∈ R as

d = ‖p1 − p2‖. (27)

For each distance, we define one deformation coordinate as
yk = d. See Fig. 4(b) for a conceptual representation.4

2) Folding Angle: This feature represents the measured an-
gle between two intersecting lines computed with feature points
located on the object’s surface; this feature is useful to control
the relative folding of an object. We use three feature points to
compute the angle σ ∈ R as

σ = arccos
(

(p1 − p2) · (p3 − p2)
‖p1 − p2‖‖p3 − p2‖

)
, for 0◦ ≤ σ ≤ 180◦.

(28)
For each measured angle, we define one deformation coordinate
as yk = σ. See Fig. 4(c) for a conceptual representation.

The point p2 represents the intersection between both lines;
therefore, it should be selected around the object’s bending
point. To properly characterize the bending angle, the points
p1 and p3 should be selected at the extreme of the deformable
area of interest. Configurations around σ ≈ 0◦, σ ≈ 180◦ should
be avoided to prevent singularity problems.

3) Normalized Curvature: The purpose of this feature is to
quantify the “roundness” of the object’s bending. The radius
r ∈ R of the 3-D circumference that passes through the points
p1 , p2 , and p3 satisfies [46]

r =
‖p1 − p2‖‖p2 − p3‖‖p3 − p1‖

2‖(p1 − p2) × (p2 − p3)‖
. (29)

We can compute the normalized 3-D curvature κ ∈ R as

κ = ‖p1 − p3‖/(2r), for 0 < κ ≤ 1. (30)

For this unitless scalar, a value close to zero represents flatness
(as with the standard curvature metric), whereas a value close
to one represents a circle with diameter ‖p1 − p3‖. For each
curve, we define one deformation coordinate as yk = κ. See
Fig. 4(d) for a conceptual representation.

To compute the object’s curvature with (30), the points p1 and
p3 must be approximately selected at the extreme positions of
the curve, e.g., if the object is completely rounded, these points
should represent the poles of the arc; the point p2 should be
approximately selected between these two points.

Remark 6: Note that the proposed deformation features re-
quire the imaging system to continuously observe all the feed-
back feature points pi ; therefore, these manipulation tasks must
be locally defined. In addition, it is important to remark that
although the selection of points is different from each deforma-
tion feature (i.e., there is no unified criterion), a useful guideline
for these functionals is to select points that are not too close
from each other (failure to do this may create linear dependency
problems).

4Note that π and d are only relevant for compressible/stretchable objects.

Fig. 5. Setup used for the automatic manipulation experiments.

V. EXPERIMENTAL VALIDATION

A. Setup

We conduct this experimental study with two mechanical sys-
tems: a 6-degree-of-freedom (DOF) Staubli robot manipulator
and a 3-DOF surgical robot [47] (see Fig. 5). Both manipulators
are controlled in velocity mode. To measure the object’s defor-
mation, we place artificial markers on its surface and use two
CCD cameras to measure the points pi . We use the OpenCV
libraries to process the images and track the deformable feature
points [48]. We implement the online adaptive estimator (16)
with a gain γ = 104 (we analyze the sensitivity of this gain
in following sections) and with an initial vector of parameters
â(t0) = [0, . . . , 0]ᵀ. To compute the input/output velocity vec-
tors ẋ and ṗ, we use standard numerical differentiation. To filter
out noise from noisy velocity signals, here generically denoted
by vn , we use the following first-order filter:

v̇(t) = −ξ (v(t) − vn (t)) (31)

where ξ is a positive gain, and v is the filtered signal. In our
experiments, we used ξ = 30.

B. Simultaneous Three-Dimensional Position-Shape Control

In this two-robot (i.e., for M = 2) experimental study, we
test the controller with different manipulation tasks and feed-
back features. As mentioned in Section IV, the incorporation of
the shape term into the manipulation objective allows us to con-
trol (to some limited extent determined by the number of robots
and feature points) the relative displacements of the soft ob-
ject. To see this, let us first consider the opposite case where no
shape term is used within the deformation vector, i.e., y = p1 .
Fig. 6(a) depicts images of this single-point experiment. Note
that for all the experiments presented in this section, the over-
laid white and red circles represent the projected 3-D feedback
and target positions, respectively.5 From this figure, we can see
that the robots can jointly control the position of the object;
however, note that at the final configuration, the object is clearly
overstretched by the robots.

5We project onto the camera’s image plane these 3-D vectors in order to
visualize the positioning error.
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Fig. 6. Captured images of the initial (left) and final (right) configurations
of the experiments with (a) one feedback point, (b) centroid (for C = 2) and
compression distance, (c) angle and point, and (d) curvature and point.

Now, we test our method with the two-point (i.e., K = 2)
manipulation task shown in Fig. 6(b). The objective of this
experiment is to servo-control the position of the middle point
π = (p1 + p2)/2 and the scalar distance d = ‖p1 + p2‖. We
define the deformation vector as

y =
[
πᵀ d

]ᵀ
(32)

and the target configuration as yd = y(t0) + [15, 20, 10, −5]ᵀ.
Fig. 7(a) shows the asymptotic minimization of the position-
ing/shape errors for this experiment; the resulting trajectories of
the measured geometric features are shown in Fig. 8(a). From
these results, we can see that robotic manipulators can auto-
matically position the object into a target configuration while
keeping a desired compression.

Next, we test our method with the task shown in Fig. 6(c),
which uses three feedback points (i.e., K = 3) to manipulate
a beam-like object. The objective in this experiment is to indi-
rectly control the position of the point p2 and the scalar angle
σ that characterizes the bending of the object. We define the

Fig. 7. Deformation errors of the experiments shown in Fig. 6. (a) Error
coordinates Δyᵀ = [Δπ, Δd] of the experiment in Fig. 6(b). (b) Error coordi-
nates Δyᵀ = [Δp2 , Δσ] of the experiment in Fig. 6(c). (c) Error coordinates
Δyᵀ = [Δp2 , Δκ] of the experiment in Fig. 6(d).

deformation vector as

y =
[
pᵀ

2 σ
]ᵀ

(33)

and the target as yd = y(t0) + [10,−20,−5, 0.5]ᵀ. Fig. 7(b)
shows the asymptotic minimization of the errors for this ex-
periment; the Cartesian trajectories of the 3-D points and its
line features are shown in Fig. 8(b). These results show that the
method can automatically control the object’s position while
simultaneously imposing a desired bending.

Finally, we evaluate our method with the three-point task
shown in Fig. 6(d). The objective of this experiment is to position
the deformable point p2 into a desired location while controlling
the curvature κ of the object; we define the deformation vector
as

y =
[
pᵀ

2 κ
]ᵀ

(34)

and the target as yd = y(t0) + [−15,−10,−20, 0.4]ᵀ. Fig. 7(c)
shows the asymptotic minimization of the deformation errors.
Fig. 8(c) shows the 3-D Cartesian trajectories of the measured
shape features.
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Fig. 8. Spatial 3-D feature trajectories of the experiments shown in Fig. 7.
(a) Trajectory of the compression feature of the experiment in Fig. 6(b).
(b) Trajectory of the angle feature in Fig. 6(c). (c) Trajectory of the curva-
ture feature of the experiment in Fig. 6(d).

These simple shape terms can be used to monitor/control
the object’s relative deformations and, thus, avoid damaging
the manipulated object. However, note that this method cannot
predict/evaluate the stretching, bending, and compression forces
exerted onto the object; this vision-based approach may be used
in combination with a force sensor to improve safety.

C. Output Flow Estimation

We evaluate the performance of the proposed online estimator
(16) with the two-point manipulation task depicted in Fig. 6(b).
The purpose of this experiment is to qualitatively compare the
profiles of the measured velocity vector ẏ and the flow vector
f = Ĵẋ ∈ RN . To this end, we command the manipulators to
deform the object along a slow and smooth arbitrary trajectory
while estimating the output deformation flows. Fig. 9 depicts the
first coordinate of the measured and the estimated flows (i.e., ẏ1
and ḟ1 , respectively) for different learning gains γ. From this
figure, we can see that the proposed estimator can approximate
the deformations of the object in real time (more specifically, it
can approximate the directional change of the deformation fea-
tures). We can also see that for “small” values (i.e., for γ = 103),
the algorithm computes a low-pass filtered version of ẏ, which is

Fig. 9. Graphical comparison of the measured velocity ẏ (red line) and the
flow vector f = Ĵẋ (black line) computed with the online estimator, for various
values of the learning gain γ .

Fig. 10. Fixed/adaptive model comparison experiments. (a) Setup. (b) Norm
of the error vector Δy.

less susceptible to noisy measurements but poorly approximates
rapidly changing configurations—note, however, that most de-
formation control applications require slow motions. This figure
also shows that for “larger” values (i.e., for γ = 105), the algo-
rithm can more accurately reproduce the output velocity ẏ, but
it also amplifies the measurement noise; special attention must
be placed when tuning the online estimator as “large” learning
gains tend to result in large oscillations. In our experiments, we
obtained good results with values around γ = 104 .

To tune the online algorithm, a useful method is to evaluate,
for small motion ‖ẋ‖ > vsmall, the following metric:

A =
∫ t2

t1

Q(τ) dτ (35)

for Q defined as in (15). The scalar A quantifies the accuracy of
the estimator for the time period [t1 , t2 ] (e.g., from the rising to
the settling of f ), which allows us to select the learning gain γ
that provides the desired response.

D. Fixed Model Versus Adaptive Model

Now, we analyze the differences between the proposed adap-
tive method and a fixed-model controller. We conduct this ex-
periment with a single robot (i.e., for M = 1) and with the
single-point manipulation task depicted in Fig. 10(a); similar to
the experiment shown in Fig. 6(a), the manipulation objective is
simply y = p1 . Note that in this experiment the right-hand side
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Fig. 11. Manipulation experiments with (a) foam, (b) meat, (c) cardboard,
and (d) plastic; compression experiments with (e) meat and (f) towel.

gripper is not considered within the control algorithm; thus, it
acts as a fixed manipulation point.

The purpose of experiment is to compare the performance
of our adaptive controller and a controller that only considers
a fixed (static) model of the soft object. To this end, we first
estimate the object’s local deformation properties, i.e., around
the initial configuration. We compute the constant deforma-
tion matrix F̃1 ∈ R3×3 , which is only valid around the initial
configuration of the object (see Fig. 10(a) for a conceptual rep-
resentation). We implement the following fixed-model velocity
controller:

ẋ = −F̃−1K
∂U

∂y

ᵀ
. (36)

In this experiment, we ask the active robot to drive the feature
point into the target. To test the adaptivity of our method, the pas-
sive robot introduces a perturbation to the object (at t = 13 s),
which changes the local deformation properties and, therefore,
renders F̃1 invalid. Fig. 10(b) depicts the evolution of the error
vector ‖y‖ for both controllers. This figure shows that after the
unmodeled perturbation occurs, the fixed-model controller can-
not drive the deformable feature point into the correct directions
[this situation is conceptually depicted on the right-hand side of
Fig. 10(a)].

E. Deformation Control With Various Materials

In this section, we conduct single-robot manipulation ex-
periments with different materials and stiffness; we use ob-
jects made of foam (with a Young’s modulus E = 16.2 kPa),
pork meat (E = 9.5 kPa), cardboard (E = 42.8 kPa), plastic
(E = 26.4 kPa), and fabric (E = 12.1 kPa). The objective of
the first experiment [depicted in Fig. 11(a)–(d)] is to simulta-
neously control the position coordinates of p2 and the scalar
curvature of the object. Since we only have three control inputs,
thus, we define the deformation vector as

y =
[
py2 pz2 κ

]ᵀ
(37)

which only considers positioning along the (j,k) axes; we
define the target configuration as yd = y(t0) + [20, 15, 0.4]ᵀ.
Note that the target configuration for p2 is not a 3-D point but
the 2-DOF line λ (represented by the overlaid red line) that is

Fig. 12. Deformation errors of the experiments in Fig. 11, where the curve F
stands for foam, M for meat, C for cardboard, P for plastic, and T for towel.
(a) Position and curvature errors of the experiments in Fig. 11(a)–(d). (b) Position
errors of the experiment in Fig. 11(e) and (f).

parallel to the i-axis. Our aim in these experiments is to eval-
uate the performance of the shaping controller with different
objects and stiffness. For that, we classify the soft objects in
Fig. 11(a)–(d) into two categories: 1) stretchable-thick (foam
and meat) and 2) nonstretchable-thin (cardboard and plastic).6

Fig. 12(a) depicts the asymptotic minimization of the defor-
mation errors for each object. In this figure, we can see that
the control of the Cartesian coordinates performs generally the
same (i.e., with a similar error slope) for all materials. The dif-
ference appears in the control of the bending error Δκ, in which
the nonstretchable-thin objects exhibit a smoother minimization
of Δκ and the stretchable-thick objects show coupled effects in
the bending control. This type of response can be explained by
the fact that the latter objects present elastic deviations of its sur-
face’s points and since they are thicker require larger motion of
the grippers to achieve the target configuration. Deformations of
the nonstretchable-thin objects mostly comes along the transver-
sal axis over its surface, which results in hinge-like motions, thus
making easier the steering of its features. The objective of the
second experiment [depicted in Fig. 11(e) and (f)] is to control
the compression of the object and the position of p1 . In this
experiment, the robot manipulates foam, meat, and the towel;
the deformation vector is defined as

y =
[
py1 pz1 d

]ᵀ
(38)

and the target configuration as yd = y(t0) − [0, 0, 20]ᵀ.7 The
asymptotic minimization of the position error ‖Δy‖ is shown in
Fig. 12(b), which shows that the performance with these three
stretchable/compressible objects is generally the equivalent. We
remark that in this experimental study, we only found significant
differences between materials when performing bending tasks.

6Note that these objects mostly deform with transversal bending.
7To avoid clutter, we omit the target line in Fig. 11(e) and (f).
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Fig. 13. Image-guided insertion of a soft object into a hole fixture.

Fig. 14. Situations where the controller performs poorly. (a) Very small cur-
vature. (b) Improper selection of points. (c) Nonrigid grasping. (d) Linearly
dependent deformation features.

F. Case of Study: Image-Guided “Cloth in Hole”

In this section, we use the proposed method to automatically
place a ribbon-like object inside a hole fixture, an application
that requires to first fold the object and then guide its vertex
into the target location. To perform this task, we construct the
deformation vector y = [pᵀ

2 , σ]ᵀ with point and angle features,
as in Fig. 6(c). We use two robots to manipulate a thin piece of
towel. The objective of this experiment is to insert the object
10 mm into the fixture with a folding angle of 80◦. Fig. 13 shows
the captured initial and final images of a sample manipulation
experiment. To guarantee that the object can be introduced into
the fixture, we use higher feedback gain for the angle coordinate,
i.e., K = 0.001 diag(I3×3 , 4) (this helps to arrive at the hole
with the desired bending angle). In the accompanying video, we
illustrate the performance of the proposed approach with several
objects (e.g., meat, foam, fabric, cable, cardboard, and plastic)
and experiments.

G. Limitations of the Approach

Finally, we present and discuss situations that should be
avoided when implementing the proposed manipulation ap-
proach; see Fig. 14 for a conceptual representation of these
configurations. To measure (approximately) the shape of the
object, in Section IV we proposed a set a deformation features;
however, these features can only be used to describe/control the
shape in local manner. This situation is depicted in Fig. 14(a),
which shows an object with very small curvature, a configura-
tion that should be avoided as singularities may arise (a similar
situation arises with angles computed from almost parallel
lines). Another issue that must be considered is proper selec-
tion of feature points. Fig. 14(b) depicts the curvature feature

computed with points p1 and p2 very close to each other; from
this figure, we can clearly see that κ poorly approximates the
object’s bending. To transmit motion to the feature points, the
method that we propose requires that the robots rigidly grasp the
object; point-like pushing interactions [as depicted in Fig. 14(c)]
cannot, in general, be used to control deformations. Finally, we
remark that the deformation feature y must be defined such that
its coordinates locally provide a linearly independent (and repre-
sentative) measurement of the object’s shape. Fig. 14(d) depicts
an example of two linearly dependent distances dj computed
along the same direction (this configuration should be avoided).

VI. CONCLUSION

In this paper, we have presented a new method to automati-
cally servo-control 3-D elastic deformations by robotic manip-
ulators. To avoid the identification of the object’s deformation
model, we first designed an online algorithm that iteratively
estimates the unknown deformation parameters. Next, we pro-
posed a model-free controller that exploits the estimated para-
meters to compute a velocity input that minimizes the feedback
deformation vector. Then, several deformation features were
proposed to characterize the manipulation task. Finally, we pre-
sented an experimental study with multiple manipulation tasks
to validate the presented control approach.

The proposed algorithm estimates the relation between the
manipulator’s input motion and the 3-D velocity of deformable
feature points. Note that the sole purpose of this algorithm is
to compute a vector of parameters that can accurately recon-
struct the measured output velocity, i.e., it does not guarantee
the identification of the true deformation model. Besides es-
timating deformations, the proposed algorithm can also cope
with uncalibrated kinematic transformations among the manip-
ulators and the 3-D imaging system. The proposed controller
uses the stereo vision to impose a servo-loop in terms of feed-
back 3-D shapes, something that is not straightforward to do
with most image-based methods, as depth information is lost
with the perspective projection of a point. In this work, we char-
acterized the manipulation task using a feedback position term
(which determines the 3-D position) and a feedback shape term
(which determines the internal displacements). The simultane-
ous control of these two quantities is easier when multiple robots
manipulate the object.

There are several limitations for the automatic control method
that we proposed. For example, to measure the 3-D positions of
the feature points, we need a calibrated stereo rig; this require-
ment may cause some problems for single camera applications,
or when the calibration matrices are not available. Note that to
compute the deformation features (which are locally defined),
we must first place fiducial markers on the object, which may
not be feasible in some applications. We remark that the method
that we propose is designed for slow motions of the robots
and cannot be used to control rapidly changing shapes. The ap-
proximation of the object’s model as purely elastic may also
limit the applicability of our method; the proposed algorithm
can only be used with “mostly elastic” objects that present no
rheological deformations. An important aspect to keep in mind
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when implementing this method is that the target configuration
must be feasible, i.e., physically reachable with the manipula-
tion system. Also note that different applications have different
error acceptability, e.g., assembling soft parts in manufacturing
may require higher accuracy than positioning elastic tissues in
surgery.

In this work, we analytically formulated the problem from a
simple Cartesian feature point perspective. As future work, we
would like to develop simpler (and perhaps more computation-
ally oriented) methods to control shapes without the need to use
artificial markers. For that, we want to implement new feedback
deformation functions, e.g., contours or surface areas, which
can be directly computed from sensor feedback (using stereo
vision or RGB-D sensors). Another interesting research direc-
tion is to model (and control) physical interactions between the
manipulated soft object and a rigid environment; this approach
can be used, for example, in assembly tasks with soft objects.

APPENDIX A
ALGEBRAIC STEREO TRIANGULATION

Let the homogeneous vectors mi = H[pᵀ
i , 1]ᵀ ∈ R3 and

mi = H[pᵀ
i , 1]ᵀ ∈ R3 represent the perspective projection of

the feature point pi on two image planes with camera matrices
H,H ∈ R3×4 . From the properties of the vector cross product,
we know that the following relation satisfies

[
[mi ] × H
[mi ] × H

]

︸ ︷︷ ︸
s

[
Pi

1

]
= 06×1 (39)

where [·]× ∈ R3×3 denotes the skew-symmetric cross product
matrix operator. Let l = [l1 , l2 , l3 , l4 ] ∈ R4 represent the eigen-
vector of SᵀS with the smallest eigenvalue; the Cartesian coor-
dinates of the feature point are computed by

pi =
[
l1/l4 l2/l4 l3/l4

]ᵀ
. (40)

APPENDIX B
IMPLEMENTATION ALGORITHM

1: Initialize parameters â ← random values
2: While Deformation errors |Δyk | ≥ εk do
3: Measure joint positions qj and image points mi , mi

4: Compute point’s 3-D positions pi ← (40)
5: Compute deformation controller ẋ ← (20)
6: Solve the robot’s velocity ẋj for q̇j in (1)
7: Command joint motions q̇j

8: Update deformation parameters d
dt â ← (16)

9: end while

We use the positive scalars εk to specify the error acceptability
in different applications.
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