
IEEE TRANSACTIONS ON ROBOTICS, VOL. 29, NO. 6, DECEMBER 2013 1457

Model-Free Visually Servoed Deformation Control
of Elastic Objects by Robot Manipulators

David Navarro-Alarcón, Student Member, IEEE, Yun-Hui Liu, Fellow, IEEE, José Guadalupe Romero, and Peng Li

Abstract—Despite the recent progress in physically interactive
and surgical robotics, the active deformation of compliant objects
remains an open problem. The main obstacle to its implementa-
tion comes from the difficulty to identify or estimate the object’s
deformation model. In this paper, we propose a novel vision-based
deformation controller for robot manipulators interacting with
unknown elastic objects. We derive a new dynamic-state feed-
back velocity control law using the passivity-based framework.
Our method exploits visual feedback to estimate the deformation
Jacobian matrix in real time, avoiding any model identification
steps. We prove that even in the presence of inexact estimations,
the closed-loop dynamical system ensures input-to-state stability
(i.e., full dissipativity) with respect to external disturbances. An
experimental study with several deformation tasks is presented to
validate the theory.

Index Terms—Contact modeling, deformable models, dexterous
manipulation, shape control, visual servoing.

I. INTRODUCTION

THE deformation control problem arises in applications
where a mechanical manipulator needs to actively change

the shape of a deformable object into a desired form [1]. It is
needed in surgery to automate delicate procedures with soft tis-
sues, e.g., suturing [2] and needle insertion [3], or in the food
industry to automate the shaping of rheological food materi-
als [4], to name a few potential applications. One of the main
issues that hampers the successful implementation of these tasks
is the difficulty in identifying or estimating the object’s defor-
mation properties. This information is needed since, in order to
provide a desired form to the object, we need to know how the
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motion of the manipulator is mapped to the deformation of the
body.

In this paper, we address the active deformation control
problem of unknown/unmodeled compliant objects. To avoid
the open-loop deformation response that arises with traditional
robot-centered manipulation approaches (see e.g. [5] and [6]),
in our method we exploit real-time visual feedback to explicitly
servo control the object’s shape. For that, we restrict our atten-
tion to physical interactions with objects that exhibit or can be
modeled based on elastic deformations only. Our method is for-
mulated for velocity-controlled robot manipulators that interact
in a fully constrained fashion with the purely elastic material.

A. Related Work

As a result of its economically important applications [1], the
automatic deformation of soft materials is currently an active
topic of research. For example, in [7], a model-based deforma-
tion control method for rheological objects is presented. This
controller proposes decomposing the deformation into elasticity
and plasticity, and by using a two-phase (offline parameter iden-
tification, then model-based control) strategy, the desired shape
of an object is achieved. The problem of simultaneous motion
and deformation of soft objects is addressed in [8]. This study
proposes a model-free PID control law for both position and
effort-controlled mechanical systems. However, similar to [7],
the approach in [8] only formulates the problem for a simple
1-D deformation, that is, compression of the body.

Some works formulate the deformation problem considering
more degrees of freedom (DOFs). For example, in [9] an itera-
tive controller to indirectly position multiple points of interest
on a deformable object is reported. This robust controller is
formulated for multiple manipulators, and its implementation
requires a priori knowledge of an approximated deformation
model of the object. This indirect positioning problem is also
addressed in [10] and [11], where different degrees of knowl-
edge of the deformation model is similarly required by both
control methods.

Note that in [9]–[11], the object’s deformation is only charac-
terized by the explicit displacement regulation of different visual
points. However, some control approaches are formulated con-
sidering more general deformation features, such as the object’s
contour for example. In [4], the development of an automatic
forming machine for food dough is reported. Based on identified
deformation parameters (a reasonable step when considering
rheological materials), this paper proposes a high-level control
method to give a desired shape to the dough. In [12], a con-
trol approach to deform the shape of a flexible body (modeled
with the finite-element method) by multiple torque-controlled
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manipulators is presented. This study proposes an optimization
technique to plan the motion of each manipulator; however, the
actual control implementation (which is only tested with numer-
ical simulations) also assumes a priori knowledge of the object’s
exact mathematical model. An interesting two-manipulator au-
tomatic cloth folding application is reported in [13].

B. Contribution of This Paper

To contribute to this problem, in this paper, we present a new
vision-based method to servo control the deformation of a com-
pliant object. Note that most existing visual servoing controllers
for manipulators (e.g., standard methods such as [14]–[16], or
adaptive-like controllers such as [17]–[20]) do not address ac-
tive deformation. In our formulation, the deformation task is
not restricted to the explicit displacement regulation of visual
points. Instead, we propose a more general definition of a de-
formation feature vector, which is constructed as a nonlinear
function of the visual feedback points. One of the major com-
plications to automatically controling the object’s deformation,
is to estimate how the motion of the manipulator is mapped to
the deformation features. Nevertheless, most control methods in
the literature assume a priori knowledge of these deformation
properties (which are usually obtained offline during testing de-
formations). This complicates the implementation since in many
real applications, e.g., in surgery [21], it is not always possible
to perform these physical interactions beforehand. To cope with
this problem, we propose a model-free method that estimates
the object’s deformation Jacobian matrix in real time.

Compared with previously reported deformation controllers,
our method does not require the exact or approximated defor-
mation model of the body. Therefore, modeling and parame-
ter identification steps are not needed. The method reported
in [9] is similar to our controller. However, in contrast to
our vision/deformation model-free formulation, the controller
in [9] requires an approximated deformation model, a fully cal-
ibrated vision system, and only considers plane motion of the
manipulators.

To ensure the stability of the closed-loop system, we pro-
pose an innovative dynamic-state feedback velocity control law,
derived with a robust energy shaping design. The aim of this
control law is to recast the deformation problem into a noncon-
servative Hamiltonian dynamical system [22], such that the de-
sired deformation is achieved by the minimization of an energy-
like functional. To the best of our knowledge, this is the first
time a deformation controller is formulated using this method-
ology. We prove that even in the presence of inexact estimations
of the deformation Jacobian matrix, the closed-loop system is
endowed with input-to-state stability (ISS) [23], that is, full
dissipativity with respect to external disturbances. An exper-
imental study with two open-architecture robot manipulators
that perform several deformation tasks is presented to validate
the theory.

An early version of this study, which considers plane motion
and a calibrated camera, is reported in [24]. In our new method
we develop a controller to coordinate the motion of manipulators
that perform 3-D deformations in an uncalibrated manner. The

extension to 3-D motions allows us to increase the number of
controllable deformation DOF.

C. Organization

The rest of this paper is organized as follows. Section II
presents the mathematical modeling. Section III presents the
general formulation of the deformation controller. Section IV
describes cases of study for specific visually servoed deforma-
tion tasks. Section V reports the conducted experimental study.
Section VI gives final conclusions and future work.

II. MODELING

A. Notation

Column vectors and matrices are, respectively, denoted by
small and capital bold letters, e.g., v ∈ Rh and M ∈ Rg×h .
Errors are denoted by Δv = v − v∗ ∈ Rh , for v∗ as the de-
sired constant reference. The identity and zero matrices are
respectively denoted by Ih×h ∈ Rh×h and 0h×g ∈ Rh×g . Time-
varying quantities are accompanied with a bracket (t).

B. Robot Manipulator

Consider the motion of a serial robot manipulator. The vectors
of joint displacements and end-effector constrained position are,
respectively, denoted by q(t) ∈ Rg and x(t) = x(q(t)) ∈ Rm ,
where the number of joints satisfies g ≥ m. Note the abuse of
notation by using x(·) as both a coordinate vector and a vectorial
functional (this notation is along the paper for other vectorial
functionals). We denote the jth coordinate of the constrained
end-effector position vector by xj (t). The differential kinematic
equation of the manipulator is given by the expression

ẋ(t) =
∂x
∂q

(q(t))q̇(t) (1)

where ∂x
∂q (q(t)) ∈ Rm×g represents the standard Jacobian ma-

trix of the kinematic chain [25].
Along this paper, we consider that the robot manipulator is

provided with a low-level velocity control interface (the so-
called kinematic control mode [26]). Without loss of generality,
we assume that the control architecture of the manipulator al-
lows us to exactly set the joint velocity input, here denoted by
ω(t) ∈ Rg , such that in the kinematic expression (1), the rela-
tion ω(t) ≡ q̇(t) is always satisfied.

C. Visual Deformation Model

For the addressed problem, we consider robot manipulators
with a fully constrained end effector in continuous interaction
with an unknown elastic object. Physically, this situation refers
to the case where the motion (in any direction) of a constrained
tip results in a proportional deformation of the elastic body.
This scenario can be found, for example, in tasks where a surgi-
cal instrument performs the deep palpation of tissues, or when
frictional robot fingers compress/deform a soft object.

To servo control the body’s deformation, in our approach we
make use of k visual feedback points conveniently located on
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Fig. 1. Conceptual representation of a pair of robot fingers that deform an
elastic object, where an uncalibrated fixed camera acquires the visual feedback
of k points of interest.
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Fig. 2. Conceptual representation of the assumed deformation model, where
the manipulator’s end effector is virtually interconnected by spatial springs with
the k visual feedback points.

the surface of the body. We denote the jth visual point by

sj (t) = [μj (t) νj (t) ]� ∈ R2 (2)

where its pixel coordinates μj (t), νj (t) ∈ R are acquired in real
time by a fixed uncalibrated camera system. For ease of notation,
let us define the total visual feedback vector as follows:

s(t) = [ s�1 (t) . . . s�k (t) ]� ∈ R2k . (3)

A conceptual representation of this deformation setup is de-
picted in Fig. 1.

Assumption 1: For the robot manipulator that interacts with
the deformable body, we assume that (locally) the coordinates of
each visual feedback point sj (t) can be expressed as an unknown
smooth function of the end-effector position vector, that is, we
express it as sj (t) = sj (x(t)).

This local assumption is justified for interactions with purely
elastic materials that exhibit no rheological deformations. We
physically interpret this scenario as a virtual spatial-spring in-
terconnection between a visual feedback point sj (t) and the
position x(t). See Fig. 2 for a conceptual representation.

III. CONTROL DESIGN

For the robot manipulator under consideration, we only con-
trol a total of m DOFs with its elastically constrained end effec-
tor; therefore, in this paper we only address deformation tasks
that can be characterized by m DOF. To quantify the deforma-
tion of the body, we construct with the k visual feedback points a
linearly independent feature vector η(t) = η(s(t)) ∈ Rm . Ex-

plicit definitions of this known vectorial function η(s(t)) are
given in Section IV. Computing the time derivative of η(t)
yields the following expression:

η̇(t) =
∂η

∂s
(s(t))

∂s
∂x

(x(t))
︸ ︷︷ ︸

A(x(t))

ẋ(t). (4)

We call the matrix A(x(t)) ∈ Rm×m the deformation Jacobian
matrix since it relates the motion of the robot manipulator with
the deformation flow η̇(t). Note that the exact analytic form of
A(x(t)) is not available since ∂ s

∂x (x(t)) is unknown. For our
analysis and control design, we make a change in the control
input variable such that ẋ(t) = u(t) ∈ Rm represents the new
velocity control input to the deformation plant (4). This opera-
tion is valid since the matrix ∂x

∂q (q(t)) is exactly known, then we
can always design a kinematic controller ω(t) which commands
the manipulator to move at a desired end effector rate ẋ(t).

Problem statement: Given a desired constant deformation fea-
ture vector η∗ ∈ Rm , design a dynamic-state feedback velocity
control law u(t), such that the closed-loop system is passive, and
the minimization of its energy functional performs the desired
deformation task.

Remark 1: The kinematic expression given in (4) has been pre-
viously reported in [9]–[11]. However, none of these approaches
addressed the online estimation of the unknown deformation
Jacobian matrix A(x(t)). For example, Hirai and Wada [9]
rightly pointed out that a model of the deformable object
was indispensable to determine the motion of the manipulated
points. They assumed knowledge of an approximated deforma-
tion model and derived a robust controller to cope with un-
certainty. In a later work of the same group, Wada et al. [10]
claimed that the approximated model may not be needed for
small deformations, but just a “rough” kinematic relation be-
tween the robots and the positioning points. As for the method
reported by Smolen and Patriciu [11], it assumed exact a priori
knowledge of this matrix.

A. Estimating the Deformation Jacobian Matrix

In order to enforce a desired behavior to system (4), we must
know how the action of the control input u(t) deforms the
body, and thus generates the flow η̇(t). For that, we need to
exactly or very closely estimate the matrix A(x(t)), whose
inverse is assumed to exist around the desired operating point.
Instrumental to achieve this full rank condition is the proper
(i.e., representative) selection of feedback points sj (t) as well
as an independent (at least locally) definition of the deformation
feature vector η(t).

We now present, and in later sections qualitatively com-
pare, the following offline and online numerical identifica-
tion/estimation techniques:

1) Least-Squares Approximation: For this offline identifica-
tion technique (see [7] for a deformation control application),
we assume that around the operating point, the coordinates of
the deformation feature vector η(t) can be closely approximated
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by a linearly parametrizable relation

η(t) ≈ W(x(t))b (5)

for a regression matrix W(x(t)) ∈ Rm×l composed of known
displacement-dependent functions, and a vector b ∈ Rl com-
posed of the l unknown constant parameters. Typically, this
relation can be constructed based on high-order polynomials
of the position vector x(t). By sampling N data points dur-
ing offline testing deformations, we create the following “long”
matrix and vector:

�W = [W�(t1) . . . W�(tN ) ]� ∈ RmN ×l (6)

�η = [η�(t1) . . . η�(tN ) ]� ∈ RmN (7)

which are used to obtain an estimation of the parameters

̂b =
(

�W� �W
)−1

�W��η ∈ Rl . (8)

See [27] for a solution to estimate b when the matrix
�W�(t) �W(t) is singular. For a rich-enough dataset, it is rea-

sonable to assume that ̂b ≈ b. Then, an estimation of the defor-
mation Jacobian matrix is computed as ̂A(t) = ∂

∂x W(x(t))̂b.
2) Broyden Update Rule: This method represents an online

alternative to estimate A(x(t)). It is a common technique to
control the end effector in visual servoing applications (see for
example [16], [28], and [29]), but to the best of our knowledge,
it has not been widely adopted to estimate the deformations of
elastic bodies. In our approach, we exploit this iterative method
to compute an estimation ̂A(t) at every time instant t. This
is realized by using the observations of deformations δη(t) =
η(t) − η(t − δt) and controls δx(t) = x(t) − x(t − δt), where
δt represents the sampling rate. On its standard (discrete-time)
formulation, the recursive update rule is given as follows:

̂A(t) = ̂A(t − δt) + Γ
δη(t) − ̂A(t − δt)δx(t)

δx�(t)δx(t)
δx�(t)

∀δx 	= 0m×1 (9)

for 0 < Γ ≤ 1 ∈ R as a gain to adjust the responsiveness of the
estimation. With a value of Γ = 1, by right multiplying (9) by
δx(t) we can see that η̇(t) ≈ ̂A(t)ẋ(t) is satisfied for “small
enough” sample time δt. However, an estimation with Γ ≈ 1
is susceptible to noisy and rapidly changing observations δη(t)
and δx(t).

For slow deformations and the motion of the manipulator,
the matrix A(x(t)) is expected to change slowly. In this situ-
ation, we can use “smaller” values of Γ to make the iterative
estimation less responsive, i.e., ̂A(t) ≈ ̂A(t − δt). This feature
is useful for slow tasks since it can filter out noise in the sensor
measurements (which is common with vision systems). Note
that this iterative method does not require assumptions about
the unknown analytical deformation model; however, it will not
identify any parameters of the system. It will only estimate a
matrix ̂A(t) which approximates the deformation flow η̇(t) at
the time instant t.

B. Passivity-Based Controller

Let us assume for now that ̂A(t) is exactly estimated so that
A(x(t)) ≡ ̂A(t). In order to control the behavior of system
(4), we propose the following energy-motivated dynamic-state
feedback control law:

u(t) = ̂A−1(t)p(t) (10)

where p(t) ∈ Rm denotes a numerical state defined as

ṗ(t) = −∂U
∂η

(Δη(t))� − Cp(t) (11)

with U(Δη(t)) ≥ 0 ∈ R as a potential energy function, de-
signed with a unique equilibrium at Δη(t) = η(t) − η∗ =
0m×1 , for η∗ ∈ Rm as a constant reference. The symmetric
and positive matrix C = C� > 0 ∈ Rm×m represents a damp-
ing matrix. Substitution of (10) into (4) enforces the following
closed-loop dynamical system:

[

η̇(t)
ṗ(t)

]

=
[

0m×m Im×m

−Im×m −C

]

⎡

⎢

⎢

⎣

∂H
∂η

(t)�

∂H
∂p

(t)�

⎤

⎥

⎥

⎦
(12)

where the scalar functional H(Δη(t),p(t)) ∈ R is defined as

H(Δη(t),p(t)) = U(Δη(t)) +
1
2
p(t) · p(t). (13)

Note that we have recasted the deformation problem into a non-
conservative Hamiltonian system [22], [30] for which powerful
tools can be employed to design and analyze its behavior. For
this system, H(Δη(t),p(t)) clearly qualifies as a Lyapunov
function since

d
dt

H(Δη(t),p(t)) = −p�(t)Cp(t) ≤ 0. (14)

This simply means that the energy function, and consequently
the deformation error, is nonincreasing along the trajectories of
the closed-loop dynamics (12) (as with the standard passivity-
based approach [31]–[33]). Convergence to the desired refer-
ence η∗ is easily proved using the Krasovskii–LaSalle princi-
ple [34].

Remark 2: The motion command p(t) provides smooth tra-
jectories to the robot manipulator. To see this, assume a large
enough damping matrix such that C � ∂ 2 U

∂η2 (Δη(t)), and con-

sider υ(t) = −C−1 ∂U
∂η (Δη(t)) as a desired static-state feed-

back velocity command. From the following equivalent expres-
sion for d

dt p(t):

ṗ(t) = −C (p(t) − υ(t)) (15)

we can see that p(t) provides a smoothened version of υ(t).
This is particularly useful for velocity controllers, since a rapidly
changing or even discontinuous error Δη(t) might generate a
high velocity command. This also helps to filter out noise from
measurement of the visual feedback s(t).

Remark 3: The magnitude of the matrix C provides a way to
control the dissipative properties of p(t), which roughly speak-
ing, regulates the deformation speed. That is, “large” values on
C make the convergence of Δη(t) slower.
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C. Robust Passivity-Based Design

In real applications, the estimation of A(x(t)) might be close
but not exact, while the measurement of the visual feedback
s(t) usually contains noise. In this scenario, it is not clear what
the stability properties of the closed-loop system will be. To
this end, let us assume that the deformation flow satisfies the
following relation:

η̇(t) = ̂A(t)ẋ(t) + d(t) (16)

where d(t) ∈ Rm is an unknown time-varying disturbance vec-
tor, modeling noise and uncertainty in the estimation.

Assumption 2: For slow motion of the manipulator, the time-
varying disturbance is: 1) bounded ‖d(t)‖ < dmax by a positive
constant dmax > 0 ∈ R, and 2) d(t) → 0m×1 as ẋ(t) → 0m×1 .

Note that 2) simply means that for a static manipulation sys-
tem, i.e., for ẋ(t) = 0m×1 , the numerical disturbance vector
d(t) does not produce any deformation flow η̇(t). To guarantee
the stable execution of the deformation task in the presence of
this unknown disturbance vector, we now use a robust passivity-
based design, that is, we include an additional “damping” term
to enforce dissipativity with respect to d(t) [35]. To see this,
consider the following dynamic-state feedback velocity con-
troller:

u(t) = ̂A−1(t)
(

p(t) − c
∂U
∂η

(Δη(t))�
)

(17)

for c > 0 ∈ R+ as a positive damping-like feedback gain. Sub-
stitution of (17), with ṗ(t) as in (11), into (16) yields the closed-
loop dynamical system

[

η̇(t)

ṗ(t)

]

=
[−cIm×m Im×m

−Im×m −C

]

⎡

⎢

⎢

⎣

∂H
∂η

(t)�

∂H
∂p

(t)�

⎤

⎥

⎥

⎦
+

[

d(t)
0m×1

]

.

(18)
To analyze the stability of this perturbed system, we make use
of the formalism of ISS, that is, full dissipativity with respect
to external disturbances (see [23] for a comprehensive survey).
For the sake of completeness, we briefly recall the definition of
ISS.

Definition 1 ([22]): A dynamical system

χ̇(t) = f(χ(t), τ (t)) (19)

with state variable χ(t) ∈ Rh1 and disturbance τ (t) ∈ Rh2

(for h1 ≥ h2), is endowed with ISS iff there is a smooth
storage function Q(χ(t)) : Rh1 �→ R whose time derivative
Q̇(χ(t), τ (t)) : Rh1 ×Rh2 �→ R satisfies

Q̇(χ(t), τ (t)) ≤ −α(|χ(t)|) + γ(|τ (t)|),∀χ(t), τ (t) (20)

where α(·) and γ(·) are scalar K∞ functions, i.e., are contin-
uous, strictly increasing, unbounded, and satisfy α(0h1 ×1) =
0, γ(0h2 ×1) = 0.

In the following proposition, we present the main stability
result of our dynamic-state feedback deformation control law.

Proposition 1: The perturbed dynamical system (18) is en-
dowed with ISS.

Fig. 3. Bond graph representation of the system (18). The elements P and I ,
respectively, represent a potential and inertial energy accumulators, R represents
a resistor (dissipator), and Se and Sf , respectively, represent an effort and flow
sources. Elements connected to the 1 junction share the same flow, whereas
those connected to the 0 junction share the same effort.

Proof: The time derivative of H(Δη(t),p(t)) satisfies

Ḣ(t) = −c

∥

∥

∥

∥

∂U
∂η

(Δη(t))
∥

∥

∥

∥

2

− p�(t)Cp(t)

+
∂U
∂η

(Δη(t)) · d(t)

≤ −(c − ε)
∥

∥

∥

∥

∂U
∂η

(Δη(t))
∥

∥

∥

∥

2

− λ‖p(t)‖2 +
1
ε
‖d(t)‖2

where the bottom expression is obtained with the ε-scaled
Young’s inequality, with the scalar λ > 0 ∈ R representing the
minimum eigenvalue of C. We see that for a feedback gain
c > ε, where ε ∈ R is an arbitrary scalar, the closed-loop sys-
tem (18) is endowed with ISS. �

Remark 4: The feedback gains c and C, respectively, deter-
mine the dissipative properties of the flow η̇(t) and the “effort”
ṗ(t) in (18) (see [36] for a detailed description of how to mod-
ify the dissipation structure on port-Hamiltonian systems). From
Proposition 1, we see that only by including a damping term at
the η̇(t) level, the system is fully dissipative at both coordinates.
Note that any c > 0 (recall that ε is an arbitrary scalar) suffices
to enforce ISS in the presence of d(t). In this way, a conser-
vative design for smooth velocity control is to rely on a highly
damped dynamic-state feedback control p(t) (i.e., using a large
matrix C) to perform the deformation, whereas a “small” static-
state feedback action c∂U

∂η (Δη(t))� is only needed to preserve
ISS. A traditional visual servoing design, e.g., [14], only con-
tains the latter control action; therefore, it is more susceptible
to noisy measurements and (in comparison to our method) can
only achieve limited types of dynamical response.

Remark 5: Fig. 3 presents a graphical representation (in bond
graph notation [37], [38]) of the closed-loop system (18). From
this figure, we see that the action induced by c can be interpreted
as an effort-controlled dissipator, which contrast with the more
common mechanical flow-controlled dissipator [39] [in (18), the
latter one corresponds to C]. In this figure, the left subsystem
corresponds to the first row of (18), while the right subsystem
corresponds to the second row. This simple mechanical anal-
ogy is useful to design the desired dynamical response to be
performed by the closed-loop deformation control system.
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Fig. 4. Conceptual representation of different vision-based deformation fea-
tures, with (a) vector of point displacement error Δsj (t) = sj (t) − s∗j ,
(b) scalar distance errors Δρj (t) = ρj (t) − ρ∗j , (c) scalar angle error Δθ(t) =
θ(t) − θ∗, and (d) scalar curvature error Δξ(t) = ξ(t) − ξ∗. (a) Point-based
deformation. (b) Distance-based deformation. (c) Angle-based deformation.
(d) Curvature-based deformation.

IV. CASE OF STUDY

In this section, we present explicit definitions of the vision-
based construction of sample deformation features.

1) Point-based deformation: The most basic deformation fea-
ture is the explicit displacement regulation of the visual
coordinates sj (t) of a point of interest. That is, two DOFs
of the deformation feature vector are defined as

[ ηi(t) ηi+1(t) ]� = [μj (t) νj (t) ]�. (21)

Fig. 4(a) conceptually depicts this situation. Note that this
type of deformation feature is the only one addressed in
[9], [10], and [11].

2) Distance-based deformation: This is an extension of the
previous case to the more general situation of controlling
scalar distances ρj (t) ∈ R (with respect to an arbitrary
reference) of features such as centroids, midpoints, abso-
lute positions, etc. In Fig. 4(b), the distance coordinates
ρ1(t), ρ2(t) ∈ R are computed as

ρ1(t) =
1
2
(μ1(t) + μ2(t)) ∈ R

ρ2(t) = ‖s3(t) − e‖ ∈ R (22)

for e ∈ R2 as an arbitrary bias vector. These coordinates
simply represent the horizontal displacement of a line’s
midpoint [computed with s1(t)] and s2(t) and the mag-
nitude of a visual point s3(t). In this scenario, for each
distance ρj (t), one DOF of the deformation feature vector
is defined as

ηi(t) = ρj (t). (23)

3) Angle-based deformation: Another useful deformation
feature is the relative angle of a given line of interest [see

Fig. 4(c)]. In our study, we define this feature by using
two visual points s1(t) and s2(t) to describe a unit vector
l(t) = s1 (t)−s2 (t)

‖s1 (t)−s2 (t)‖ ∈ R2 . Then, for an arbitrary reference

unit vector i ∈ R2 , we can compute the line’s relative an-
gle as

θj (t) = arccos{l(t) · i} ∈ R. (24)

For each angle, one DOF of η(t) is defined as

ηi(t) = θj (t). (25)

4) Curvature-based deformation: A useful deformation fea-
ture is the measurement of the curvature (or roundness) of
a contour of interest (e.g., one of the sides of the body).
In our study, we approximate this value by using three vi-
sual feedback points s1(t), s2(t), and s3(t) located on (or
very close to) the contour of interest [see Fig. 4(d)]. If we
assume that these points lie over the circumference of a
circle, using standard geometric methods we can compute
its circumcentre o(t) ∈ R2 as follows [40]:

o(t) =
1

2ς(t)

[

ν2 − ν3 ν3 − ν1 ν1 − ν2
μ3 − μ2 μ1 − μ3 μ2 − μ1

]

(t)

× [ ‖s1(t)‖2 ‖s2(t)‖2 ‖s3(t)‖2 ]� (26)

for ς(t) = μ1(ν2 − ν3) + μ2(ν3 − ν1) + μ3(ν1 − ν2) ∈
R. Then, we can compute a quasi-curvature metric as
follows

ξj (t) =
1
2
‖s1(t) − s3(t)‖
‖si(t) − o(t)‖ ∈ R. (27)

For this unitless metric, a value ξj (t) ≈ 0 describes flat-
ness, while ξj (t) ≈ 1 approximates a circle with radius
1
2 ‖s1(t) − s3(t)‖. For each curve, one DOF of η(t) is
defined as

ηi(t) = ξj (t). (28)

V. EXPERIMENTAL VALIDATION

A. Setup

The mechanical systems used for our experimental study are
a six-DOF TX-60 Stäubli robot manipulator and a one-DOF ro-
tational robot (see Figs. 5 and 14). The Stäubli manipulator is an
open architecture robot with a PC-based controller that runs the
real-time operative system VxWorks. To program the motion of
its joints, the system has the low-level interface [41] that allows
us to explicitly set the angular velocity on each of the joints.
To control the motion of the one-DOF robot, we use a Galil
DMC-1886 motion control board. Visual feedback is acquired
with a Logitech C210 camera. The OpenCV Lucas-Kanade al-
gorithm [42] is implemented to track the visual feedback points
during the experiments.

In order to provide a deterministic real-time (RT) behavior
to the control algorithms (a key feature to guarantee a constant
and small δt), we use a Xenomai-patched RT-Linux computer
[43] to process all the sensor feedback signals and compute
the velocity control laws. The desired velocity command of
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Soft
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Fig. 5. Robot manipulator used for our experimental study.

Angular
velocity

Encoder
position

RT-Linux PC

Control
law

State

Mechanical
systems

Servo controllers
& motor drives

Visual
feedback

Camera
system

Fig. 6. Conceptual representation of the real-time control architecture for the
velocity-controlled robot manipulators.

the Stäubli robot is transmitted via TCP/IP to its low-level servo
controller, whereas for the one-DOF mechanism we use standard
PCI communication. Fig. 6 shows a conceptual representation
of the control architecture. All the algorithms are implemented
at a RT servo loop of 4 ms. In our experimental study, the robot
manipulators physically interact with soft cleaning sponges.

To achieve the desired deformation tasks, we implement the
following potential control action:

∂U
∂η

(Δη(t)) = sat(3Δη(t)) (29)

where−r ≤ sat(·) ≤ r represents a saturation function, for r >
0 ∈ R. In our experiments, we use r = 20 pixel, r = 0.1 radian,
and r = 0.1, for the point, angle, and curvature deformation
features, respectively. We compute the dynamic-state feedback
control action p(t) with a damping matrix of C = 5Im×m , and
set the ISS feedback scalar to c = 0.01.

B. Two-Degree-of-Freedom Comparative Study

We perform this comparative study considering the control of
two DOFs of the Stäubli robot (i.e., m = 2) positioning a single
visual point, as conceptually depicted in Fig. 7. The deformation
feature is defined as [η1(t), η2(t)]� = [μ1(t), ν1(t)]�.

In Section III, we describe two methods to estimate the de-
formation Jacobian matrix A(x(t)). We now compare the per-
formance of our controller using both estimation methods for
this simple point-based deformation task. To implement the off-

Δs

Fig. 7. Snapshots of the point-based deformation task used for the two-DOF
comparative study.
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Fig. 8. Graphical comparison of the visual error trajectories of a point-based
deformation, where the curve LS is obtained with the offline least-squares
identification method, and the curves B1/B2 are, respectively, obtained with the
online Broyden method without/with a priori knowledge of Â(0).

line estimation method, we approximate the deformation feature
with the following polynomial relation:

η1(t) ≈ b0 + b1x1(t) + b2x
2
1(t) + b3x

3
1(t)

+ b4x2(t) + b5x
2
2(t)

η2(t) ≈ b6 + b7x1(t) + b8x
2
1(t)

+ b9x2(t) + b10x
2
2(t) + b11x

3
2(t) (30)

where the unknown deformation parameters vector is b =
[b0 , . . . , b11 ]� ∈ R12 . To obtain the estimated vector ̂b ∈ R12 ,
we perform offline (i.e., prior to the experiments) testing de-
formations around the region of interest while collecting the
required data. After this, the vector ̂b ∈ R12 is computed as
proposed in (8).

Fig. 8 shows the resulting error trajectories in the image plane,
i.e., a curve in (Δμ1 ,Δν1) space. In this figure, the curve LS
is obtained with the offline least-squares identification method
described previously. The curve B1 is obtained with the online
Broyden method when the estimated deformation Jacobian ma-
trix ̂A(0) is initialized with random numerical values (see also
the results and discussions reported in [28]). The curve B2 is
obtained with the Broyden method when a priori knowledge is
employed by its estimator. This condition simply means that a
“good-enough” initial value is required by the estimator, only at
t = 0. The initial value ̂A(0) can be obtained from a previous
experiment, or from testing deformations around the starting
configuration. Note that in contrast to the offline identification
method, these testing deformations do not need to be performed
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Fig. 9. Comparison of the measured visual flow η̇(t) and the flow estimated

by z(t) = Â(t)ẋ(t), for the two-DOF point-based deformation task.

all around the desired range of deformation (such that a rich
data set is collected), but just locally around the starting point.

To provide a smooth motion command u(t) to the manipula-
tor, we implement Broyden’s iterative estimator with an update
gain of Γ = 0.01, and remove noise from the signals δx(t) and
δη(t) with a first-order low-pass filter. For this two-DOF point-
based experiment, in Fig. 9 we present a graphical comparison
of the measured visual flow η̇(t) and the flow estimated by

z(t) = ̂A(t)ẋ(t) ∈ R2 (31)

where ̂A(t) is computed with Broyden’s iterative estimator.
This figure shows that the model-free online method provides a
close approximation of the unknown deformation Jacobian ma-
trix A(x(t)), when a good-enough initial value is available and
the manipulator moves slowly. In the Appendix, we provide the
detailed algorithm of our model-free control method. This algo-
rithm includes a simple procedure to initialize the deformation
Jacobian matrix ̂A(0).

We now compare the performance (and distinctive features)
of our deformation control law (17) with the control method
proposed in [9]. Note that the controller in [9] is only formu-
lated for plane motion of the controllable manipulators, whereas
our method can cope with other deformation features and 3-D
deformations (to be presented shortly). We implement the it-
erative Hirai–Wada method with a 2 × 2 lattice model and ap-
proximated spring constants of 0.5 (see [9] for details of this
controller).

Fig. 10 shows the resulting error trajectories in the image
plane. The Hirai–Wada method is robust to identification errors
of the deformation model; however, in contrast to our formu-
lation, the method in [9] does not contain an online estimation
component of the camera’s properties. This lack of adaptation
is clearly seen in Fig. 10, where the curves HW1 and HW2 are,
respectively, obtained with [9] with a calibrated and an uncertain
camera model (we obtain the latter situation by simply rotating
a calibrated camera by around 30◦).

C. Single-Manipulator Three-Degree-of-Freedom
Deformation Control

We now present our results with a 3-D deformation control
of soft objects. These experiments are obtained with the Stäubli
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Fig. 10. Comparison of the visual error trajectories, where the curve B2 is
obtained with our model-free control law, and the curves HW1 and HW2 are,
respectively, obtained with [9] using a calibrated and an uncertain camera model.
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Fig. 11. Snapshots of the single-manipulator 3-DOF deformation experi-
ments, where the deformation feature vector is constructed as (a) η(t) =
[μ1 (t), ν1 (t), θ(t)]� and (b) η(t) = [ξ(t), θ1 (t), θ2 (t)]�. (a) Point and an-
gle deformation features. (b) Curvature and angle deformation features.

robot by controlling the three components of the Cartesian po-
sition vector x(t) ∈ R3 . In our setup, the deformation produced
by reorienting the end effector is minimal; therefore, it is not
considered for our control design. For this single-manipulator
study, we have a 3-DOF deformation feature vector η(t) ∈ R3

(i.e., m = 3).
Fig. 11 shows snapshots of two deformation experiments

performed with the manipulator. For the experiment shown
in Fig. 11(a), we construct the deformation feature vector
with three visual feedback points and define it as η(t) =
[μ1(t), ν1(t), θ(t)]�. The first two coordinates represent the vi-
sual displacement of s1(t), whereas the third one represents an
angle. For the experiment shown in Fig. 11(b), we construct
the deformation feature vector with five visual feedback points
and define it as η(t) = [ξ(t), θ1(t), θ2(t)]�. The first coordinate
represents the proposed quasi-curvature metric, whereas the last
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Fig. 14. Setup of the two-manipulator deformation experiments.

two represent angles. The deformation error trajectories of these
experiments are, respectively, shown in Figs. 12–13.

D. Two-Manipulator Four-Degree-of-Freedom Deformation
Control

We conduct this two-manipulator experimental study with
the robotic setup shown in Fig. 14. In this study, we attach
each end effector to one extreme of the soft object. Since the
second manipulator only has one DOF, therefore, we extend
one dimension to the total position vector x(t) ∈ R4 . For this
two-manipulator 4-DOF experimental study, we define x(t) as

Δs1
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(a)

Δθ2

Δθ1

Δs1

(b)

Fig. 15. Snapshots of the two-manipulator 4-DOF deformation experiments,
where the deformation feature vector is constructed as (a) η(t) = [μ1 (t), ν1 (t),
μ2 (t), ν2 (t)]� and (b) η(t) = [μ1 (t), ν1 (t), θ1 (t), θ2 (t)]�. (a) Point
deformation features. (b) Point and angle deformation features.
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Fig. 16. Magnitude of the deformation error coordinates of the experiment
shown in Fig. 15(a).

follows

x(t) = [x�
s (t) xr (t) ]� (32)

where xs(t) ∈ R3 and xr (t) ∈ R, respectively, represent the
Cartesian position of the Stäubli robot and the angular displace-
ment of the 1-DOF rotational mechanism.

Fig. 15 shows snapshots of two deformation experiments co-
ordinately performed by the manipulators. For the experiment
shown in Fig. 15(a), we construct the deformation feature vec-
tor as η(t) = [μ1(t), ν1(t), μ2(t), ν2(t)]�, where its coordinates
simply represent the visual displacements of the points s1(t) and
s2(t). For the experiment shown in Fig. 15(b), we construct the
deformation feature vector with five visual feedback points and
define it as η(t) = [μ1(t), ν1(t), θ1(t), θ2(t)]�. The first two co-
ordinates represent the displacements of s1(t), whereas the last
two represent angles of lines. The deformation error trajectories
of these two experiments are, respectively, shown in Figs. 16
and 17.
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In the accompanying 18 MB video, we illustrate the per-
formance of our model-free method with several deformation
control experiments.

VI. CONCLUSION

In this paper, we have proposed a vision-based deformation
controller that coordinates the motion of robot manipulators that
deform an unknown purely elastic object. We first constructed
(using multiple visual feedback points) a general feature vec-
tor to quantify the object’s deformation. To avoid identifying
the deformation and camera’s model, we next used the Broy-
den update rule to obtain a numerical estimation of the (visual)
deformation Jacobian matrix in real time. Finally, we trans-
formed the deformation control problem into a nonconservative
Hamiltonian dynamical system, for which we designed a novel
energy-based dynamic-state feedback velocity control law.

It is important to remark that the online estimation method
that we have presented requires slow motion of the robot ma-
nipulators, low-pass filtering of the observation signals, and a
small gain Γ in order to provide smooth deformation trajec-
tories. Note that this slow motion condition does not impose
severe constraints to many real-life deformation tasks. For ex-
ample, most robotised surgical procedures require slow motion
of the mechanism for safety reasons. The experimental results
that we have reported were conducted with no knowledge of the
deformation or camera models. These results show the viabil-
ity of our control method for uncalibrated/unmodeled real-time
deformation tasks. Also, note that a critical requirement to suc-
cessfully perform the task is to provide a vector η∗ that can be
physically reached with the manipulation system.

As future research, the implementation of a simplified version
of this method to a real surgical application will be carried out.
We are currently working on the development of a vision-based
uterus deformer for a semiautomatic hysterectomy procedure.
From a basic research perspective, we want to formulate the
problem with multiple vision systems or endoscopic images (so
as to more accurately control three-dimensional deformations)
and with torque-controlled manipulators (to incorporate adap-
tive algorithms, e.g., [44] and [45]).

APPENDIX

ALGORITHM OF OUR MODEL-FREE CONTROL METHOD

We define the following small error > 0 ∈ R, vslow ∈
Rm , and emin > 0 ∈ R as task-specific parameters. In our ex-
perimental study, we obtained good results for the initializa-
tion of ̂A(0) when the velocity command vslow simultaneously
moved all coordinates of the end-effector constrained displace-
ments x(t). The positive scalar small error determines when
̂A(t) provides a close enough initial approximation of the de-
formation flow η̇(t). The positive scalar emin determines the
minimum admissible deformation error.
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